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Summary. -- Thermal diffusivity is obtained with an accuracy of-1% by 
means of a new simple method, in which two parallel disks (of chromel and 
alumel, respectively) surround the middle section of a cylindrical specimen of 
conducting material. The disks act in the clamped zone as the hot juction of a 
thermocouple and,  at  the  same  time,  as  a  heat  source for the  specimen, 
subjected to a laminar air flow. A second thermocouple placed at the base of 
the  cylinder accomplishes acquisition of another set  of experimental data 
from which the thermal diffusivity and the surface heat loss coefficient can be 
determined.  Preliminary measurements  on  aluminium  99.999%  consistent 
with literature data have been reported. 
PACS  65.90 -  Other topics in thermal properties of condensed matter. 
1.  -  Introduction. 
In methods usually followed to determine thermal diffusivity [1] the space and 
time dependency of the amount of heat supplied per unit time to the specimen is 
assumed to be known, and diffusivity is obtained by fitting the theoretical to the 
experimental time dependency of temperature at  some points  of the  specimen 
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itself. Methods of this kind essentially differ by the heat source employed in the 
experiment and by the thermal detecting procedures. Heat can be generated by 
Joule effect, as in the hot wire method proposed for the first time by Stahlane 
and Pyk[2] and widely applied  in the fifty's [3-8], where an electric current is 
carried out by a wire embedded in the material under study. Alternatively, heat 
can  be  supplied  by  electromagnetic radiation  impinging on  a  surface of the 
sample,  as in flash methods employing laser beams or flash tubes,  originally 
described by Parker et al. [9] and developed by several authors in the sixty's [10- 
23]. For detecting the temperature field most authors use thermocouples, but 
recently radiometric techniques have  been  introduced [24-28].  Radiometry is 
very sensitive at high temperatures, but its application is not convenient in the 
presence of a forced airflow along the sample, since in such a case the measured 
temperature is mediated by the flow itself. 
None of the standard methods to measure thermal diffusivity is free from 
criticism. In the hot-wire method an essential source of error is introduced by 
the unknown contact resistance due to the interface between the wire and the 
specimen: hence, the  actual heat entering the  specimen per unit time is  not 
identical  to  the  nominal  electric  power,  but  is  mediated  by  the  transport 
parameters of the interface layer [29]. For this reason, the hot-wire method, if 
applied  to  measure  thermal  diffusivity of solids,  should  be  limited  to  low- 
conducting materials [30] (since the ratio between the thermal contact impedance 
and the total impedance is very small), but also in this case [31] it gives only an 
accuracy of 10%. Even if the  thermal contact is  better,  like  in  the  case  of 
measurements on liquids,  and in spite of the opinion of some authors [32,33], the 
accuracy in the above method cannot exceed- 5%,  as recently recognized by 
Nieto de Castro et  al. [34]. 
In flash methods, on the other hand, the spatial variation of the temperature 
field for a pulse source is very strong in proximity of the surface exposed to the 
beam (in the ideal case of a  delta-function of time, the temperature gradient, 
immediately after the exposure, is infinitely high in this region): consequently 
the  diffusion  equation  on  which  the  method  is  based  cannot  be  rigorously 
accepted in this case, because Fick's law does not hold when large temperature 
gradients are present. This inadequacy between modelling and experiment has 
never been  pointed  out  by  any  author,  although  recently some researchers 
analysed in detail the limits of the flash method, by introducing corrections for 
taking into account the heat leak and the finite pulse width [35] or the time lag of 
temperature response [36]; the presence of boundary scattering and the thermal 
resistance of the sample holder have also  been described [37]. 
Instead of a pulse source one could use a continuous source of electromagnetic 
radiation with constant rate, like that described for the first time by Butler and 
Inn [38]. In this case, however, the presence of two temperature sensors along 
the sample introduces some additional perturbation to the heat flow with respect 
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In this work we present a  method for measuring both thermal  diffusivity 
and Biot number H  for a wide class of good thermal conductors: the simultaneous 
determination of these two parameters,  in fact, may be of particular interest for 
aeronautics [39],  fusion reactor experiments [40] and metallurgy [41].  Moreover, 
the good accuracy by which a  can be obtained in this way is of interest from a 
fundamental  point  of view,  for instance  in  the  study of phonon  scattering  by 
dislocations [42]. 
The  proposed  method  can  be  regarded  as  a  modification  of the  hot-wire 
method,  unaffected,  however,  by  the  contact  thermal  resistance.  Hence  no 
hypothesis is necessary on the time behaviour of the heat source: this becomes an 
experimental  function  which  can  be accurately determined. 
In  principle,  the  method  can  work  in  a  wide  temperature  range,  from 
cryogenic  to  quasi-melting:  here  preliminary  measurements  on  aluminium  at 
room temperature  will be described. 
2.  -  Self-measuring-source  method. 
2"1.  Main features.  -  A surface source valid for any kind of material can be 
generally obtained by establishing a good thermal contact between the surface of 
the sample and a  hot body from which heat can flow to the sample by thermal 
conduction. If the contact surface is sufficiently far from the heater supplying the 
thermal power to the body (for instance, a wire carrying an electric current), the 
temperature  gradient  at  the  surface  itself is  small  and  heat  diffusion  can  be 
properly described by Fik's law. The question now arises: how can we measure 
the spatial and time dependency of heat source obtained by putting the surface of 
the sample in thermal contact with a hot body? Let us consider, for instance, the 
case  of a  cylindrical  sample  described  by coordinates  r,  z,  ~,  with  one  base 
matched to a massive body which can be externally heated.  The heat source per 
unit  time  and  unit area of the  sample in this  case is represented  by the term 
-  K(ST/Sz)ba~e which is a complicated function of r,  ~, t. There is no simple way to 
experimentally determine this function, to be inserted into the diffusion equation 
for studying heat propagation  in  the sample.  The  simplifying assumption  of a 
uniform source (i.e. of the r and ~ independency) is never rigorously true if radial 
gradients  are  assumed  to exist:  and  they certainly  exist,  if the  sample  has  a 
lateral  heat  loss by radiation  or convection. 
Our first aim was to seek a geometrical arrangement for which the source is a 
function of time alone and is placed, at the same time,  as far as possible from a 
sensor detecting the temperature  somewhere else on the  surface.  This  sensor 
gives  the  second  experimental  information  which  must  be  added  to  the 
temperature of the source in order to have a complete set of data: it is clear that, 
if the  sensor is  too close to the  source,  the  two pieces of information  are  not 
physically independent. As a consequence the source must be localized to a small 
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area of the surface. The simplest choice satisfying the above requirements is a 
source confined into a  circular ring of radius R  surrounding the middle section 
(z -- 0) of the sample. Its width 2a along the z-axis is taken small enough to allow 
the assumption q = const for all the points of the sample in contact with the ring. 
In this manner, if cylindrical symmetry is ensured, the source function can be 
written in the form 
(1) 
I  Q(t) ~(r- R)  for  Iz I ~< a, 
q(r,  t)  |  0  for  [z I > a, 
that is it contains as an unknown a function of only one variable, i.e.  Q(t).  The 
problem becomes the experimental determination of this function. 
2"2.  Mathematical  framework.  -  If the temperature of the environment Te is 
assumed to be constant,  the temperature field of the specimen T(r,  t)  can be 
written  in  the  form  T(r,  t)= O(r,  t)+ Te,  where  O(r,  t)  satisfies  the  diffusion 
equation 
(2)  V20 -  a-130/~t =  -  K-lq(r,  t), 
subjected to a  boundary condition of the form -  K(30/3n)  = hO on the sample 
surface, where n is a coordinate normal to the surface itself. Here the diffusivity 
is related to the thermal conductivity K by the definition ~ = K/cp,  where c and 
are the specific heat and the density, respectively. 
Equation  (2)  can  be  easily  integrated  by  expanding  O(r,  t)  in  terms  of 
normalized  eigenfunctions  Ck(r) of  the  operator  V  2 satisfying  the  boundary 
conditions 
-  K(ar  = he(R, z), 
(3)  -  K(3r  = + he(r, /), 
where 2R  and  21  are the diameter and  the  length of the  cylindrical sample, 
respectively. 
Let ~k be the eigenvalue corresponding to  r  so that 
(4)  V2r162 
then by the method of Green's functions [43] it is easy to show that the solution of 
eqs.  (2)  and (3)  satisfying the condition O(t =0)= 0  is 
(5) 
r 
O(r,  t) =  (a/K) f  dt' f dSr  ' E exp [~k(t -  t')] Ck(r) Ck*(r')  q(r',  t'). 
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For the particular form (1) (where z = 0 corresponds to the middle section of 
the sample,  and therefore the solution is invariant  with respect to the change 
z~  -  z) the eigenvalues ;~k are of the form ;~k =  -  (t~  z + v2), where t~ and v satisfy 
the equations 
(6) 
(7) 
-  KvJl(vR) = hJo(~R), 
K~ sin~l = hcos~l 
and  correspond to  the  normalized  eigenfunctions 
(8) 
where 
Ck(r, z)= cost~zJo(vr)/N(t~,  v) , 
N(tL,  ~) =  cos~z ' dz'  r'J2o(vr')dr'  . 
-  0 
Denoting  by  {yp} and  {x~} the  infinite  sets  of roots  of the  transcendental 
equations 
(9)  YJI(Y) + (R/1) HJo(y) = O, 
(10)  x sin x -  H cos x = 0, 
where the  Biot  number H  is  given by 
(11)  H  = hl/K 
and,  substituting  eq.  (1)  into  (5),  one obtains 
t 
(12)  O(r,  z,  t) =  J  O~,~(t -  t')S(t')dt', 
where 
(13)  S( t) = 4=aaQ( t)/KlR , 
(14)  Or,  z(t) = ~  {fv(H,  r,  z) exp [- ~(2  2 + ~2) t]}, 
s,p 
where 
tip(H, r, z) = (sin 2~a/2~a) cos (2~z) Jo( ~pr) Jo( Yp) [(1 
L 
and  2~ = xJ1,  ~p = yp/R,  as  defined. 
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It is now conceivable to somehow measure the time evolution of the temper- 
ature 01(t) = O(R, O, t) of the points of the surface in contact with the source and 
then  deduce the  ,,source functiom~  S(t)  by solving the  integral  equation 
(15) 
t 
01(t) =  f  OR,o(t -  t') S(t') dt' 
0 
for an  arbitrary  couple of the  transport  parameters  a  and  H. 
The same couple can now be used to evaluate, by the help of the function S(t) 
just obtained, the temperature at some other point of the surface, for instance at 
the  centre  of a  base: 
t 
(16)  02(0 =  f  Oo,t(t -  t') S(t') dt'. 
0 
The actual values of a  and H  will be determined  by imposing the best fit of 
function  (16)  to the  temperature  measured  at  the  same  point. 
We have found that  the best approach to the numerical  solution of eq.  (15) 
consists  of rewriting  this  equation  in  the  form 
(17) 
tk+l 
i-1  f  O~(t~) =  ~  OR,o(t~  -  t') S(t') dt', 
k=O tk 
where to = 0 and  tk+l- tk = ~ is a  time interval  which is taken  small enough to 
allow the approximation S(t') = const within this interval.  Consequently S(t') can 
be  taken  out  of the  integral,  and  substituted  by  a  representative  value  Sk 
depending  on the  location  of the  interval  itself: 
(18) 
or 
tk+l 
i-1  f  01(ti) =  ~  Sk  OR,o(ti- t') dt' , 
k=O  tk 
i-1 
(19)  0,(ti) =  ~  A~kSk, 
k=O 
where 
(20)  Aik =  5 -1E  J](Yp) {exp [- D(~ + ?~)(i -  k -  1)] -  exp [- D(2~ + ~)(i -  k)]}- 
s,p 
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and D = ~z.  Equation  (19) is equivalent to a  set of relations of the form 
(21) 
01(tl) = A10S0, 
01(t2) = A2oSo + A21S1, 
O,(ts) = AaoSo + A31S1 §  A32S2, 
where o~(tl),  01(t2), ...,  etc.,  are known.  System (21)  can be easily solved with 
respect to So, S~, ..., etc., because A~k are elements of a triangular matrix. The 
coefficients  Sk  obtained  in  this  manner  can  now  be  substituted  into  the 
expression 
tk+l 
(22)  O~(ti) =  ~  Sk  Oo,~(tg  -  t') dt' 
k=O  tk 
to get the time dependency of the temperature at the centre of the base.  The 
extension of the elementary time interval v,  and consequently the number of 
equations appearing in (21), must be chosen after a careful numerical analysis of 
the convergence properties of this system (for z-o 0) towards the solution S(t) of 
the integral equation (15).  This point will be discussed later (see sect.  4). 
3.  -  Description  of the experimental  apparatus. 
We have chosen the temperature O~(t) (corresponding to r--R  and z = 0) as 
the  function  containing  the  best  experimental  information  on  the  unknown 
source S(t).  This feature is obviously related to the fact that the temperature at 
any other point P  at a distance s from the source is negligibly small for t ~  s2/r~ 
so that the corresponding values of Op(t) in this interval are measured with poor 
accuracy: consequently, from the experimental values of Op(t) we cannot infer, 
through a  system like (21),  good values of Sk in the same interval.  Moreover, 
since the determination of any S~ requires the knowledge of all the previous 
coefficients Sk  (k from 0  to  i-  1),  it turns  out that  an  error in  the first few 
coefficients automatically propagates to all the following ones, and therefore to 
the entire source function S(t).  One concludes that the only way to eliminate any 
uncertainty  of this  kind  consists  in  measuring  the  time  dependency  of the 
temperature at the source itself,  namely in the present case at r=R,  z = O. 
Let us inquire if an analytical procedure analogous to that followed to arrive 
at eq.  (16) could be applied  to other kinds of experimental arrangements, for 
instance  to  the  hot-wire  method.  In  principle,  one  could  obtain  a  relation 
between the temperature of the specimen at the inner surface surrounding the 
central wire and the amount of heat entering per unit time through the same 
surface.  However,  two main complications arise in this case: 
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system has a finite length: as a consequence, instead of (15) we obtain an integral 
equation  for  a  source  function  of two  variables,  leading  to  unsurmountable 
numerical difficulties; 
b) there is no simple way to measure the temperature of the specimen in 
proximity of the source, without producing a strong perturbation to the source 
itself. 
The  same  objections  could  be  essentially raised  for  an  application  of the 
method to a cylindrical sample heated at one base. The interest of the ring source 
employed in our apparatus lies in the fact that it allows a satisfactory solution of 
both the problems arising in connection with points a) and b). The source can be 
adequately obtained in the manner shown in fig.  1.  Two parallel hollow disks 
with  edge-shaped  central  holes,  DI  and  D2,  made  of  chromel  and  alumel, 
respectively, are tightly in contact with the cylindrical sample: the two disks are 
separated by a gap of the order of 10-Sm, and their mutual electrical contact is 
through  the  sample  itself  (if this  is  not  made  of metallic  material,  a  thin 
conducting  film  deposited  on  its  central  area  can  be  conveniently used  to 
establish  the contact).  The diameter of the central hole of each disk is  about 
10-~m smaller than the sample diameter,  so that by a  simple immersion into 
liquid  nitrogen  the  sample  is  easily  introduced  into  the  holes.  After  this 
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Fig. 1. -  System of disks D1 and D~ made of chromel and alumel, respectively, working as 
1)  heat source,  2) thermocouple hot junction,  3) mechanical support of the  sample. A  RING-SOURCE  METHOD  TO  MEASURE  THE  THERMAL  DIFFUSIVITY ETC.  87 
operation the system of the two disks is surrounded by a coil of insulated electric 
wire, J,  which supplies the Joule heat to the disks when it carries an electric 
current. 
The disks D~ and D2 play, therefore, the essential role of conveying heat to the 
sample through the two edge-shaped contacts.  But at the same time they can 
also be used as the hot junction of a thermocouple, while the cold junction may be 
a water-ice mixture (K in fig. 1). Let the wires w~ and w2 connecting D, and D2 to 
the cold junction be made of the same materials as D~ and D2 (that is, of chromel 
and alumel), respectively: in this way, if one neglects the z-dependency of the 
temperature in the whole area of contact between the disks and the sample (so 
that this temperature is  simply expressed by T(R,  O,  t),  as suggested by the 
small width of this area), then the analysis of the thermoelectric circuit shown in 
fig.  1 leads to the following voltage measured across the points A  and B  of the 
microvoltmeter: 
(23)  VB -  VA = 
T(R,O,t) 
f  (Q1-Q2)dT, 
T~ 
where Q1 and Q2 are the thermopowers of D1 and D2, respectively, and Tk is the 
temperature of the cold junction.  Under these circumstances the temperature 
O~(t) =  T(R,  O, t) -  T~ can be simply measured by the help of the calibration curve 
of the chromel-alumel thermocouple. This procedure, of course, must be justified 
by checking that the temperature distribution resulting from eq. (12) is actually 
flat in the whole contact area between -  a and + a, where a is now the thickness 
along z of the edge of each disk (we neglect the small separation between the two 
disks with respect to a).  If the check is successful, the solution expressed by 
eq.  (12) is fully acceptable, because it satisfies the boundary conditions of the 
problem,  namely 
i)  0 =  01(t)  for the points of the contact area; 
ii)  -K(ao/an)= ho  for all the other points  of the surface (*). 
A simple way to perform the check consists in using eqs. (12)-(14) to calculate 
(*) The region [z [ ~< a of the sample, being in contact with the disks,  cannot obviously 
loose heat through Newton law. On the other hand, our solution satisfies the constraint 
expressed by ii) also at the points of this region. Consequently, a rigorous analysis should 
include into the heat source function q(r, t) a positive term restoring the heat unproperly 
lost through the imposition of the above boundary condition. If Qo(t) ~(r -  R) is the source 
term describing the conduction heat supplied by the disks to the sample, one should write, 
for  I z I ~  a,  q(r,  t) = Qo(t) ~(r-  R) + hOl(t) ~(r -  R).  However,  such  a  procedure would 
only imply  a  re-definition  of the function  Q(t)  introduced by eq.  (1), namely Q(t)= 
= Qo(t)+ h0~(t): therefore, it would exactly lead to the analysis  developed  in sect. 3. 88  M.  OMINI,  A.  SPARAVIGNA,  A.  STRIGAZZI and  G.  TEPPATI 
the average 
(24) 
§ 
(O(t))  = (2a) -1  f  O(R, z,  t)dz 
-a 
over the contact area, and show that it is never appreciably different from the 
value at z = 0,  namely 01(0.  The check was performed on all the experimental 
curves obtained through our measuring apparatus (see sect.  5) and the result 
was  highly  satisfactory:  the  discrepancy between  01(t) and  (O(t)}  is  always 
contained within  10-3~  i.e.  much lower than the  uncertainty affecting our 
temperature measurements. 
Another  important  problem  is  represented  by  the  consistency  of  our 
experimental heat source (system D1,  D2) with the assumed symmetry of the 
source with respect to z = 0: in fact, we have taken a constant source of heat from 
-  a to + a, while we know that the two disks, being made of different materials, 
supply by conduction different heat powers to  the  sample.  The discussion is 
contained in appendix A, where it is shown that,  for a  sufficiently small with 
respect to the length l of the sample,  the error introduced by the symmetry 
break is  always negligibly small. 
The system of disks D1 and D2 does not only play the two fundamental roles of 
heat source and temperature sensor, but also the role of mechanical support to 
the sample.  This is not a trivial role indeed, because any contact between the 
sample and the environment introduces uncontrolled heat losses,  which must be 
avoided. In our apparatus the heat exchange between specimen and support is 
perfectly controlled, because it becomes the source itself for the heat supplied to 
the specimen, and, thus, it is perfectly determined through the solution of the 
integral equation (15). In this way no unknown perturbation to the heat flow 
through the specimen is introduced by the measuring device, exception being 
made for the small  perturbation connected with the thermocouple head at the 
centre of one base.  However, the thermocouple head is at the end of the flow 
lines and, therefore, its effects on the temperature field must be certainly very 
small. From this point of view, our method is similar to the flash method as only 
one temperature sensor disturbs the heat flow, and this is located at the end of 
the sample.  This represents an obvious  advantage with respect to methods in 
which different temperature sensors are distributed along the flow path,  like 
those described by Butler and Inn [38] or by Kennedy  [44]. 
The complete assembly of the experimental apparatus is given in fig. 2, which 
was designed so as to allow an experimental determination of a when the sample 
is embedded in a steady air flow along its axis.  To this purpose the sample is 
surrounded by two hollow bodies H  and K, that form two symmetric channels 
with  radial  thickness of 1.0.10-3m.  Three levelling screws like  V  allow  the 
alignment of the axis of the sample with the axis of H: in a similar manner, by 
three screws like V',  one ensures the parallelism between the sample and the 
body K. Four symmetric nozzles P, P', ..., etc., connected with a rotative pump, A  RING-SOURCE  METHOD  TO  MEASURE  THE  THERMAL  DIFFUSIVITY ETC.  89 
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Fig. 2. - Schematic view of the experimental apparatus used for measurements of thermal 
diffusivities. 
create a dynamical pressure fall in the region surrounding the system of the two 
disks: this is sufficient to set up a steady state of air flow along the two channels, 
for which air is continuously conveyed from the bases to the central disks. This 
air flow plays the role of maintaining the environment of the sample at constant 
temperature, because the heat generated by the disks and that does not directly 
reach the sample through the contacts is continuously transferred to the pump 
by the flow itself. In this way, the air in contact with the surface of the sample is 
always  ,,fresh,  (that  is,  at  the  temperature  of the  chamber  containing  the 
apparatus,  Te, which can be easily controlled). This is an ideal condition for the 
validity of Newton law q  =  h(T  -  Te) =  hO, giving the amount of heat lost per unit 
time by the unit  surface of the specimen. 
Since h depends on the temperature and velocity of the air in contact with a 
selected surface element of the sample, one is justified to assume h = const along 
the whole length of the lateral surface, because the geometry of the apparatus 
ensures that for a stationary flow the two above parameters do not appreciably 
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neighbourhood of the  bases  and  of the  central  disks,  where the  streamlines 
present a  curvature and consequently a  velocity field which is expected to be 
slightly different from the ,,unperturbed, one, as found at all the other points. If 
these perturbations were actually important, the values of h resulting from our 
analysis  would  be  effective values,  depending on  the  particular  form of the 
heating  curve  adopted  in  the  experiment.  We  investigated  this  point  by 
subjecting  the  sample  to  different  heating  rates  in  different  experiments, 
without changing the air flux.  The analysis of these curves (according to the 
procedure to be discussed in sect. 4) invariably gave consistent couples of values 
for a and H. The physical significance of these values is, therefore, automatically 
proved.  The theoretical arguments supporting this experimental evidence are 
given in  appendix B. 
4.  -  Least  square  analysis  and  numerical  errors. 
Before analysing a typical set of experimental data, consisting of the output of 
the central thermocouple (01) and of the thermocouple at the base (02), let us point 
out that  the minimum number of terms required to  evaluate the sum over s 
appearing in expression (14) is fixed by the factor sin (2sa)/(2~a),  which ensures 
the convergence of this expression for t = 0: since for xs---~ ~  one has xs ~-s=, it is 
roughly given by sT:a/t ---- ~,  i.e.  s,~n ---- 1/a. 
In  our experimental apparatus  we had  a=2.5.10-4m,  l=  7.50.10-2m,  so 
that s~n -  300. To ensure the full reliability of our numerical results, we always 
extended both the sums over s  and p  to 600  terms. 
The method used to determine the transport parameters consists of fixing an 
arbitrary couple of values ~ and H,  solving the integral equation (15) from the 
knowledge  of 01(t),  inserting  the  solution  S(t')  into  (16),  and  comparing the 
resulting function,  [0~(t)]~,~, with the output of the thermocouple at the base: 
such  a  comparison  is  conveniently quantified  through  the  evaluation  of the 
square  sum 
(25)  A =  •  {[02(t~)]~,~-  [02(t~)]exp}  2 , 
i 
where i runs over the N  values of t into which the total time interval has been 
subdivided. According to the least-square method, the best determination of 
and H  is the one leading to the minimum of expression (25). 
It has to be pointed out the total number N' = (tf -  to)/v of intervals into which 
the whole interval tf -  to is subdivided for the solution of system (21) is generally 
higher than the number N  appearing in (25) (and corresponding to the number of 
experimental data for each temperature curve): the values of 01(t~),  as required 
by (21),  at any time for which the experimental value is lacking,  are deduced 
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It is necessary to discuss the uncertainty affecting the ,,best- values of ~ and 
H  as a  consequence of the error deriving from the numerical treatment  of the 
data.  To this purpose let us refer for the sake of simplicity to an ideal source of 
the  form 
(26)  S(t) = At exp [- fit], 
which for A = 8.10 -2, f  = 0.01 s -1 is quite similar to a typical experimental source 
function (see sect. 5).  Let us then calculate the temperature 01(t) by a numerical 
evaluation of the integral (15),  for a hypothetical sample with 2R =  1.00- 10 .2 m, 
21 =  1.50.10-1m,  s0 = 0.80.10-4 m2/s,  Ho = 0.020,  a = 2.5.10-4m.  The error can 
be investigated by taking the resulting values of 01(t) as ,,experimental,  values 
[01(ti)]exp to be inserted into the spline program in order to have the whole set of 
temperatures  required by system (21):  solving with respect to So, S~, ...  for an 
arbitrary  couple  (a, H)  and  substituting  into  (16)  gives  a  resulting  function 
[02(t)]~.H which  can  be inserted  into  (25).  Here  [02(t)]exp is  represented  by the 
function which is directly obtained by substituting the source (26) into (16) itself. 
Looking  for  the  minimum  of (25)  in  the  (a, H)-plane  one  should  obtain  this 
minimum  at the nominal  values s0, H0. A  test of this kind is quite instructive, 
because it provides a detailed information on the minimum number of intervals 
into  which  the  total time  interval  tf-to must  be divided in  order to  obtain  a 
satisfactory numerical  solution of the integral  equation  (15). 
TABLE I.  -  Values taken by function (25) in the neighbourhood  of its minimum,  with 
reference  to the computer experiment described in the text, to check the reliability of our 
numerical treatment of data.  The diffusivity ~ is measured  in 10  -4 m2/s. 
H 
0.78  0.79  0.80  0.81  0.82 
0.01950  0.0949  0.0894  0.0932  0.1046  0.1212 
0.01975  0.0601  0.0449  0.0459  0.0615  0.0833 
0.02000  0.0531  0.0250  0.0116  0.0352  0.0619 
0.02025  0.0808  0.0613  0.0520  0.0570  0.0728 
0.02050  0.1211  0.1065  0.0986  0.0986  0.1060 
Table  I  lists  the  values  of 8= (•/Y)  1/2  as  obtained  by taking  tf-to = 390s, 
N  = 40, N' =  196. As seen, the result is quite satisfactory, because the minimum 
is very deep and well defined at the nominal values s0 and H0. This proves the 
reliability  of  the  whole  numerical  procedure  adopted  to  solve  the  integral 
equation (15)  or,  in other words, that the error due to the inversion of system 
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5.  -  Application  to  pure  aluminium. 
To test the method, we have performed a preliminary set of measurements at 
room temperature  on  a  sample  of pure  A1  (99.999%),  with  2R =  1.00.10-2m, 
21 = 1.50.10-1m,  a = 2.5.10-4m.  The  whole  apparatus  sketched  in  fig.  2  was 
contained in a  chamber surrounded by a thermostatic fluid: the air inlet was a 
copper tube with many turns in the fluid, allowing a good temperature control of 
the air arriving at the sample.  The flow along the sample was maintained  by a 
160 rain -1 rotative pump, through the four nozzles P, P', ....  The wires wl and 
w2 were connected by screws to the two disks D1 and D2, each screw being made 
of the same material forming the wire and the disk to be connected (chromel and 
alumel,  respectively).  This  system  of  connection  was  preferred  to  welding 
essentially  because  it  facilitated  all  the  operations  required  to  set  up  the 
apparatus  in  the  thermostatized  chamber.  The  reliability  of  the  contacts 
obtained  in  this  way  was  demonstrated  by  the  perfect  repeatibility  of the 
thermocouple  output  after  disconnection  and  subsequent re-connection  of the 
wires through  the screws.  On the other hand,  an independent test obtained by 
connecting  the  wires  to  the  disks  by  a  TIG  soldering  did  not  show  any 
appreciable difference in the electric signal. The cold junction K (see fig. 1) of the 
j.s ~  \ 
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Fig. 3. -  Time dependency of the temperatures measured at the disk-sample  contact (01) 
and  at  the  centre  of  a  base  (02), for  a  sample  of pure  A1,  with  2l= 1.50.10-1m, 
2R--1.00.10-2m  (room temperature).  The  dashed curve gives the  experimental  heat 
source function S(t), as obtained from the measured values of o~(t) by numerical solution of 
the integral  equation (15). 01 and  02 axe given in ~  S(t)  in arbitrary units. A  RING-SOURCE  METHOD  TO  MEASURE  THE  THERMAL DIFFUSIVITY  ETC.  93 
corresponding thermocouple was a water-ice mixture outside the thermostatized 
chamber  containing  the  instrument.  The  same mixture  was  used  for the  cold 
junction of the thermocouple T giving the temperature at the basis of the sample: 
the radius of its head was 1/2 mm and this was located in a  small cavity at the 
centre of the base.  The temperature  T, of ~he environment  of the sample was 
directly given by any of the two thermocouples before switching on the heater. 
The heater was a 7 ~  wire surrounding the system of the two disks D~ and D2, 
and  carrying  a  current  of 1.2 A. 
By  switching  on  the  source  for  about  200s,  it  was  possible  to  obtain  a 
maximum temperature jump of about 6.5~  in the middle section of the sample. 
The two experimental temperature curves reproduced in fig. 3 derive from the 
corresponding curves of the amplified thermocouple outputs as obtained through 
a  two-channel  y(t)  recorder.  The  total  time  interval  tf-to = 390 s  was  first 
subdivided into  112 and then into  195 parts  for the solution of system (21):  no 
appreciable difference was found between the results of the two corresponding 
analyses and this was considered as a proof of the convergence properties of our 
numerical  procedure  towards  the  solution  of the  integral  equation  (15).  The 
values of ~ as a  function of ~ and H  are contained in table II.  The minimum is 
TABLE II. -  Values  taken  by function  (25) in  the  neighbourhood  of its  minimum,  in 
reference to the experimental  curves of  fig.  3 and to a total time interval tf -  to = 390 s on 
the  t-axis.  The  diffusity  ~ is measured  in  10  -4 m2/s. 
H 
0.83  0.84  0.85  0.86  0.87  0.88  0.89 
0.0245  0.0453  0.0457  0.0467  0.0481  0.0500  0.0522  0.0546 
0.0250  0.0272  0.0264  0.0266  0.0278  0.0297  0.0321  0.0350 
0.0255  0.0166  0.0126  0.0099  0.0093  0.0112  0.0144  0.0182 
0.0260  0.0253  0.0212  0.0178  0.0154  0.0144  0.0150  0.0168 
0.0265  0.0425  0.0393  0.0367  0.0346  0.0332  0.0325  0.0324 
clearly  at  ao=8.60-10-Sm2/s,  H0=0.0255  and  corresponds  to  an  overall 
discrepancy between theoretical and experimental curves of the order of 10 -2 ~ 
It has to be pointed out that the value resulting for the diffusivity is identical 
to  the  value  given  with  lower  accuracy  in  ref.[45]  (8.6.10-Sm2/s).  For 
completeness,  in fig.  3 we plot (in arbitrary  units) the  source function S(t),  as 
obtained by inserting into system (21) the values of 01(0 represented in the same 
figure. 
The reliability of our result was checked by changing the form of the heating 
curve: instead of the function 01(t) represented in fig. 3, we tried also other kinds 
of curves  (b)  and  c)  in  fig.  4),  characterized  by  different  heating  rates  and 94  M.  OMINI, A.  SFARAVIGNA, A.  STRIGAZZI and  G.  TEFFATI 
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Fig. 4. -  Heating curves used in different experiments to check the consistency of the 
method.  Curve  a)  is  the  function  or(t)  already  given  in  fig.  3;  curves  b) and  c)  are 
characterized  by different heating rates. 
different durations of the heating current (the possibility of changing the form of 
the  heating  curve is peculiar of our method  and  represents  a  powerful tool to 
check  the  internal  consistency  of the  method  itself).  The  result  of such  an 
analysis  confirmed  the  full  validity  of the  value  obtained  for  a,  which  was 
invariably  measured  with  a  reproducibility better than  1%. 
A final comment concerns the dependency of the above results on the value of 
a  required by eq.  (1) to measure the extension of the heat source along z.  It is 
clear that a must be identified with the height of the edge of each disk, but this is 
affected by an uncertainty  that  one may pessimistically  estimate  to be of the 
order  of  10%  (including  half the  gap  between  the  two  disks).  Therefore  we 
repeated the analysis of the experimental curves of fig.  3,  by changing a  from 
0.25 mm to 0.275 mm: the location of the minimum was not appreciably modified 
with respect to table II and the corresponding change of a was contained within 
some parts  over thousand. 
6.  -  Conclusions. 
We have  presented  a  new simple  method  for the  determination  of thermal 
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necessary to make any arbitrary  assumption on the time dependency of the 
source  of heat,  because  this  function  can  be  accurately  measured.  To  this 
purpose the cylindrical sample is tightened in its middle section by two hollow 
parallel disks of chromel and alumel, working as a system conveying heat to the 
sample and, at the same time, as the hot junction of a thermocouple measuring 
the temperature at the contact. A second thermocouple placed on a base of the 
sample provides the necessary information from which both diffusivity and Blot 
number  of  heat  loss  from  the  surface  can  be  deduced.  This  method  is 
recommended  due  to  the  remarkable  agreement  between  the  boundary 
conditions  hypothesized  in  the  theory  and  those  actually  achieved  in  the 
experiment. 
Although we have only performed a preliminary set of measurements at room 
temperature,  there  is  no limitation in the use  of the  method at  any desired 
temperature from cryogenic to quasi-melting. Of course, in the case of very high 
temperatures,  the  two  hollow disks  should  be  made  of materials  with  high 
melting temperature, and the whole equipment should be operated in vacuum: 
the heat loss from the surface would be only due to radiation, but for small values 
of 0, Newton's law of cooling would be still obeyed, ensuring the validity of the 
previous analysis. 
The authors are indebted to A. Pasquarelli for his assistance in the project of 
low-noise amplifiers, to G.  Giachello and A. Carnino for the construction of the 
two-disk thermocouple, and to  L.  Macera for the figure drawings. 
Many thanks are also due to L.  Coggiola for TIG-soldering of the thermo- 
couple wires to the hollow disks. 
APPENDIX  A 
Since  the  two  disks  of  the  central  thermocouple  are  made  of  different 
materials, a rigorous analysis should distinguish between the two corresponding 
source functions, i.e. Sl(t) for 0 ~< z ~< a, and S2(t) for -  a ~< z < 0. Here we show 
that such a dissymmetry leads to negligible effects. In this case, in fact, since the 
invariance of the problem with respect to the change z--* -z  is destroyed, the 
system  {r  contains,  in  addition to  (8), also  the  eigenfunctions obtained by 
substituting cos~z with sin~'z,  where t~'  satisfies the boundary condition 
(A.1)  -  K~' cos~'/= H sin~'/. 
By defining the functions 
(A.2)  ~br,~(t) = E g~,p(H, r, z) exp [- ~(2~, + ~) t], 
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gs', p = (28, a/2)-1 sin  s (28, a/2) sin (28, z) J0(~p r) J0(Yp)" 
[(1  s,.  -1 
and xs, is  a  root of the trascendental equation 
(A.3)  x cos x + H sin x = 0  (x =/= 0), 
one obtains for the temperature field in this case 
(A.4) 
t  t 
O(r, z, t) =  f  Or, z(t --  t') [Sl(t') + S2(t')] dt' +  f  ~r,z(t -  t') [Sl(t') -  S~(t')] dt'. 
0  0 
The first term on the right-hand side of eq. (A.4) represents the temperature 
which one would deduce if the total power entering the sample, as measured by 
Sl(t) + S2(t),  were symmetrically shared by the two disks. This term, therefore, 
represents the unperturbed temperature field studied in sect. 2. To investigate 
the weight of the second term,  let us study the theoretical case S~(t)= 2S2(t) 
(which is clearly pessimistic), $2 being represented by eq.(26).  In table III we 
TABLE III.- Contribution  of the first and second term of the right-hand  side of eq. (A.4) 
for  21 = 1.50.10-1m,  2R = 1.00- 10-~m,  a = 0.80.10-4m2/s,  H = 0.020,  Sl(t) = 2Sz(t) = 
= 5.3.10-~t exp [- 0.01t]. 
t(s)  Symmetric term  Correction 
0  0.0000  0.0000 
10  0.0075  0.0002 
50  0.9633  0.0010 
100  3.0794  0.0019 
200  5.3389  0.0018 
300  4.7956  0.0011 
400  3.3378  0.0005 
list,  as a  function of time, the temperature at r = 0,  z = l,  as predicted by the 
syn~netrical term,  and the correction corresponding to the second term.  The 
constant A in eq. (26) has been chosen so as to ensure a maximum temperature of 
about 5 ~  which is a  typical value reached in our experiments. As seen,  the 
correction  is  always  of the  order  of  10-3~  that  is  much  lower  than  the 
uncertainty  affecting our  temperature  measurements,  and  therefore  can  be 
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To show that the effect of the perturbation connected with the curvature of 
the  streamlines  in_the  neighbourhood  of the  central  disks  is  small,  we  may 
assume a  change  h-  h  in Newton coefficient for all the points with a ~< z ~< b, 
where b is the length shown in fig. 1. This amounts to introducing in this region a 
supplementary heat source q* which, in agreement with Newton's law, must be 
(B. 1)  q* =  -  (h -  h) 0(R,  z,  t) ~(r-  R)  (a ~< Iz] ~< b), 
where 0(r, z, t)  is the  new temperature field.  In this manner,  by putting 
(B.2)  Z~,p(r,  z,  t) = m~,p(H, r, z)exp[- a(2~ + ~) t], 
where 
[  :  ]  m,,p(H,  r,  z)=cos(2~z)Jd~vr)Jo(yp)  (l +sin2xJ2x~)  U~(yp0d~  , 
and,  using eq.  (5)  one obtains,  instead  of eq.  (12), 
t 
(B.3)  O(r,  z,  t) =  J  Or.z(t -  t') S(t') dt' - 
0 
-(2~(-h-h)/K1R)  dt'~,  Z~.p(r,  z,  t-t')  dz' cos(~z')-O(R,  ~'  ~,  t'), 
0  S,p 
where S(t)  is the new heat  source function for  t zl~  < a. 
Since the second term on the right-hand side is expected to be small, eq. (B.3) 
could  be  easily  solved  by  an  iteration  procedure.  However,  it  would  be  too 
cumbersome for our purposes. We will simply replace O(R, z', t') in eq.  (B.3) by 
ol(t'),  the temperature at z = 0: the approximation is clearly pessimistic, because 
~(R, z, t)  is  always  expected  to  be  lower  than  01(0  and,  therefore,  the 
perturbation is overestimated. Nevertheless, we will show that even in this case 
it  is  negligible.  Let  us  specialize  eq.(B.3)  for  r=R,  z=0:  in  the  above 
approximation we  simply obtain  an integral  equation for S(t),  the  solution of 
which can  be  easily seen to be 
(B.4)  S(t) =  S(t) +  ),~(t), 
where 
(B.5)  ~=-  2=a(h -  h)/KR, 
S(t)  is the unperturbed source as given by eq. (15) and z(t) satisfies the equation 
t 
(B.6)  ]  OR,o(t  -- t') a(t') dt' = 
0  t 
= -  f  01(t')dt' ~)~,p(R,  O, t -  t')x[l[sin2,b  -  sin 2~a]. 
0  s,p 
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By  introducing  eq.  (B.4)  into  (B.3)  written  for  r=  0,  z  =  l,  and  recalling 
eq.(I6),  one obtains 
(B.7)  "0(0, l, t) =  02(t) +  yf(t) , 
where  02(0  is function  (16)  and 
(B.8) 
t 
f(t) =  f  Oo, z(t -  t')~(t')dt'  + 
0 
+  f  Ol(t') dt' ~,X~,p(O,  l,  t -  t') x-2~[sin2~b -  sin 2~a]. 
0  s.p 
It will be convenient  to  express  r  in the  form 
(B.9)  ~, =  -  2r:aH~/R1, 
where ~ =  h/h -  1 is the mean relative change of Newton coefficient in the region 
a < z ~< b with  respect to the  unperturbed  value  h.  Assuming  ~ to be approx- 
imately known,  we can minimize  with respect to a  and  H  the  square  sum 
(B. 10)  ~  {02(ti) +  rf(ti)  -  [02(tl)]exp}  2 , 
i 
which,  according  to  eq.  (B.7),  takes now the  place  of expression  (25). 
Let us now evaluate the order of magnitude  of ~.  In reference to fig.  1 the 
average value of the velocity field over a generical section of the channel  OP  = L 
may be  estimated  by the  simple  relation  VL  =  VoLo,  which  is  the  continuity 
equation for steady motion: the unperturbed value Vo is assumed to correspond 
to the  extremal  section  Or) = L0.  Thus  the  relative  change  of velocity is 
(B.11)  V/Vo-  1 = Lo/L-  1. 
It is well known (,5) that h approximately depends on V through a relation of 
the form h  = AV n + B,  where n  lies between 1/2 and 1.  Let us first examine the 
linear  case  (n = 1),  for  which  the  relative  change  of  h  with  respect  to  its 
unperturbed  value  ho = AVo + B  is 
(B. 12)  h/ho -  1 = A(V  -  Vo)/ho -- (ho -  B)(V  -  Vo)/(hoVo)  =  (1 -  B/ho)(Lo/L  -  1). 
In  our  geometrical  arrangement  one  approximately  has  00' ~2Lo:  con- 
sequently  (Lo/L-1)  goes  from  zero  (section  OD)  to  -0.5  (section  00'). 
Roughly, we may estimate its average value inbetween the two above sections 
as  -1/4.  Since  ho>B,  one  deduces  from  eq.  (B.12)  that  the  parameter 
~= [(h/ho)-  liar  e  is negative  and,  moreover, 
(B.13)  I~l = (1 -  B/ho)(1  -  Lo/L)~ve < (1 -  Lo/L)~v~ =  1/4. 
The  case  n = 1/2  (which  is  perhaps  more  plausible,  if turbulent  motion  is 
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(Lo/L :- 1) has now to be substituted by (Lo/L)  1/2 -  1: this ratio varies from 0 to 
(2  -1/2- 1),  so that  instead  of (B.13)  one obtains  I~1 <0.15. 
We will anyway insert into eq.  (B.9) the value ~ =  -  1/4 and show that even 
under  this  pessimistic  assumption  the  perturbation  is negligible.  To  this  pur- 
pose, in reference to the experimental curves of fig. 3, we will explore the corre- 
sponding  behaviour  of ~lmction  (B.10)  in  the  (~, H)-plane  for  a =2.5-10-4m, 
L0 = 10 -~ m, b -  a = L0 V3 -  1.7-10-3m (as required by the assumption O0' -  2Lo). 
In the  absence of perturbation we obtained table II: the perturbed behaviour is 
represented  in  table  IV.  As seen,  the  location of the  minimum  is unchanged. 
TABLE IV.  -  Perturbation produced on the values of table  II  by  the curvature  of the 
streamlines in the neighbourhood of the central disks.  The diffusivity ~ is measured in 
10  -4 m2/s. 
H 
0.83  0.84  0.85  0.86  0.87  0.88  0.89 
0.0245  0.0474  0.0479  0.0489  0.0504  0.0522  0.0544  0.0569 
0.0250  0.0289  0.0284  0.0288  0.0300  0.0319  0.0343  0.0372 
0.0255  0.0168  0.0132  0.0111  0.0110  0.0113  0.0161  0.0199 
0.0260  0.0234  0.0192  0.0157  0.0133  0.0125  0.0134  0.0158 
0.0265  0.0402  0.0370  0.0343  0.0322  0.0309  0.0302  0.0303 
Finally,  the  error  introduced  by extending  to  each  base  of the  cylindrical 
sample  the  Newton  coefficient  h  of the  lateral  surface  can  be  discussed  as 
follows.  Let  us  distinguish  between  the  parameter  H  appearing  in  eq.  (9) 
(entering the boundary condition of the lateral surface) and a new parameter H', 
to be used instead  of H  in eq.  (10),  and  describing the average heat exchange 
with the air in the neighbourhood of the base.  Since in this region the velocity 
field is  small,  the  ratio  ~ = H'/H is  expected  to  be lower than  unity.  For an 
arbitrary  value  of v <  1 we repeated  the  analysis  of the  experimental  data  of 
fig.  3 and looked for the corresponding minimum  of function (25) in the (a, H)- 
plane.  With  respect  to  table  II  (which  refers  to  v = 1),  the  location  of the 
minimum remains substantially unchanged when r~ is varied from 1 to 1/10: it is 
necessary to arrive at ~ ~- 1/15 in order to move the value of ~ corresponding to 
the minimum by more than  1%.  But such a small value of V cannot be realistic. 
Experiments  performed by our apparatus  under different conditions of airflow 
show that H  changes by a factor of the order of 2 when the air velocity is reduced 
from its maximum to zero.  Consequently,  a reduction of Newton coefficient by 
more than  one order of magnitude  (as required  by v = 1/15)  is unphysical  and, 
therefore,  the  distinction  between H  and  H'  is immaterial. 
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￿9  RIASSUNTO 
La diffusivit~ termiea  ~ stata misurata  con una precisione  di  ~  1% mediante  un nuovo 
metodo semplice, che utilizza due dischi paralleli (di chromel e alumel, rispettivamente),  i 
quali  circondano la  sezione mediana  di un  campione  cilindrico  di materiale  conduttore, 
soggetto aun  flusso laminare  d'aria.  Nella zona di contatto,  i dischi fungono da giunto 
caldo di una termocoppia,  e contemporaneamente da sorgente di calore per il campione. 
Una seconda termocoppia situata alla base del cilindro acquisisce un'altra serie di dati, che 
permettono di ottenere la diffusivitA termica e il coefficiente di scambio termico liminare. 
Si  riportano  misure  preliminari  su  alluminio  puro  al  99.999%,  congruenti  con  i  dati 
riportati  in letteratura. 
MeTOJI KOab~enoro aCTOqnllKa /UL~t u3Mepen~m  TepM0~I~b@y3Hn npoeoaamax o6pa3~os, 
noMemenn~ B no3~[ymn~,~ iIOTOK HCcJIe~oBaHILq na  amoMnnnm 
Pe3mMe (*).  --  HaMepaewca  TepMo~rIqbqbyarm c  TOqHCTI~IO ~  1%  C IIOMOmbtO  Hoaoro 
IIpOCTOrO Mewo~a,  B  KOTOpOM ~Ba  napaaJIe:I~nbix  /IHCKa  (COOTBeTCTBeHHO, xpoM  n 
aamMHmff  0  oKpy~KatOT cpe~IHtOrO CeKmUO I~n~Irm~IpHqecKoro o6pa3ua  npoBoJlattIero 
MaTepruia.  ~TH ~HCKH ~leI~CTBytOT  B 30He KOFITaKTa KaK ropnnHfi cna~ TepMonapbI H, B TO 
7ze BpeM~, KaK I4CTOqHHK  TenJia  ~Jiff o6pa3ua, HoMemeHHoro B JIaMHHapHbIfI  BO3/IytIIHbIff 
IIOTOK. BTopaa TepMonapa,  aaxo~nla~cg  B OCHOBaHHH U~nHH~pa, IIO3BOYlgeT  IIOJIyqHTb 
/lpyry~o  CHCTeMy 3KClleplIMeHTa.rlhHblX  /IaHHblX,  H3  KOTOpblX MOhV~HO onpe~e~HTb 
TepMoanqbqby3em  H  Ko~qbqbntmenT  noBepx~ocTHO~  noTepH  Tenza.  IlpeaBapnTeaLH~ie 
H3MepeHrm Ha  aarOMnHHH 99,999%  coraacyroTc~  c  Ony6~HXOBarmSIMH B  a~TepaType 
~[aItHbIMl4. 
(*)  Hepesec)eno pec)atc~uefi. 